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(Decimal) s <l alall) -1

(Binary) (A4 sl -

(Octal) ALl allail) -3
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(s ) A
Y (YY) 8 all ga ol eyt LS Aima 43aS (9 ) 0) 3all QLY (e JS Sy oAy pial) Slae Y1 Ui
) 3L B8 1 Jaks dsuiall aaal sall 3 Aabiaad) a6 ) aadcind Gl (dath ddlise LS ydie (e il @lans
Go ST A4S o il 8 e i i€ 1) ALY A J8 A s cilball) e pall dliSay Al laia
Slo i S 1Y) Leliey A Al laiey o g o8 )0 Jaka a8 ) JS wigay SIS ) (e ) padind lild (e
3L 3 a8l g G pdall daaS )8 JLADU 2 8 1) andid Gl (o e 5 400 Ll o i) (A JEal)

0 BeS Y

The digit 2 has a weight of The digit 3 has a weight
10 in this position. J' l of 1 in this position.
2 3
| |
1 1
2x10 +  3Ix1
) -

20 + 3
| |
L
23

107 100 10° 107 101 100
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Binary weights.
Positive Powers of Two Negative Powers of Two
(Whole Numbers) (Fractional Number)
28 27 26 s 74 3 ll ZI 20 2—1 2—2 2—3 2—4 2—5 2—6
256 128 64 32 16 8 4 2 1 12 1/4 1/8 1716 1/32 1/64
0.5 0.25 0.125 0.625 0.03125 0.015625

Qi) Jas o Aima A2 Al e A A8 IS g Jadd ] 50 ABLY) e giad Al 40U L8 LYY
Oo S Aad ) Judls JS5 8 4L e Y1 Jiad (Sans s il aldaill 8 5 dadll o yeny 101 S o8
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Decimal
Number Binary Number
0 0 0 0 0
I 0 0 0 I
2 0 0 1 0
3 0 0 1 I
4 0 1 0 0
5 0 1 0 1
6 0 I I 0
7 0 1 1 1
8 ] 0 0 0
9 ] 0 0 1
10 ] 0 1 0
11 ] 0 1 1
12 ] 1 0 0
13 ] I 0 1
14 ] ] 1 0
15 ] ] 1 1
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1
I MSB

The answer 1s (110010)2

+» Decimal to Octal conversion:

(30.5 ho ———(?)s
30 6 LSB
3 3 MSB

The answer1s ( 36.4 )

+» Decimal to Hexadecimal conversion:

EX:

¢ (283 )ig —» (? s

16| 28 12 LSB 03x16=48

16| 1 1 MSB 0.8x16=128
0.8x16=128

The answer 1s ( 1C.4CC )6

% Binary to Decimal conversion:
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e (110 ) (?)o

1x22+1x2'+0x2'=6
The answer 1s ( 6 )10
*(1011.1100 )2( ? )10
+0x2°+0x2*=1175

1 x22+0x22+1x2'+1x2% 1 x21+1x2

The answer i1s ( 11.75 )10
% Binary to Octal conversion:

each three bits from right to left represent a number.

EX:

e (111010011)2 ——p (723)

e (1101000012 —p (641)

% Binary to Hexadecimal conversion:
each four bits from right to left represent a number.

e (1101110001010001);, ———( DC51)6

+» Qctal to Decimal conversions:

. (371 )g —’(‘) )]:‘)
1 x8°+7x8'+3 x8 =249

The answer 1s (249),¢

+ Octal to binary conversion:
each number is representing in binary using three bits.

e (752) — (111101010),

¢ (631)g —— (110011001 ),
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EX:

o (IBF )16 _’(q )10
Fx16°+B x 16"+ 1 x 16° = 447

The answer is ( 447 )iq

+» exadecimal to decimal conversion:

% Hexadecimal to Binary conversion:

number is representing in binary using four bits.
o (A35C )5 —— (1010001101011100);

Arithmetic Operation in number systems

- can be applied the arithmetic operation in decimal number system.
But the Subtraction using complement

The Subtraction using 9°s complement and 10°s complement:

Firstly, find the 9°s complement and 10’s complement
The equation to find 9’s complement is

"—1r™ =N

The equation to find 10’s complement is

" —N
Ex:
Number 7 19 A43.7
9’s 2 80 56.2
10°s 3 81 56.3
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To Subtraction using 9°s complement

1. Take the 9’s for negative number
2. The operation convert from subtract to add

3. If appear carry, move this carry; no carry take 9’s for result.

Ex:

When smaller number is to be subtracted from larger one

Regular subtraction

678
-234

444

When larger number is to be su

Regular subtraction

228

Subtraction using 9’s
complement

678
+765+—(9's complement of 234)
(1443
_+1
444

btracted from smaller one
Subtraction using 9’s
complement

228
+514 «+—(9's complement of 485)

742 (No carry indicates —ve value)

- 257 (9's complement of resuit)

To Subtraction using 10°s complement

1. Take the 10’s for negative number
2. The operation convert from subtract to add
3. If appear carry, ignore this carry; no carry take the 10’s for result.

Ex:
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When smaller number is to be subtracted from larger one

Regular subtraction Subtraction using 1(’s
complement
678 678
SR +766 +—(10's complement of 234)
444 (1444 <lgnore the carry)
444

When larger number is to be subtracted from smaller one

Regular subtraction Subtraction using 1{’s
complement
228 228
- 485

+515 «—(10’s complement of 485)
743 (No carry indicates —ve value)

.

-257 (10's complement of result)

- 257

Binary arithmetic is essential in all digital computers and in many other types of digital
systems

v’ Binary Addition
The four basic rules for adding binary digits (bits) are as follows:

0+0=0  Sum of 0 with acarry of 0

0+1=1 Sum of 1 with a carry of 0
1 +0=1 Sum of 1 with a carry of 0
1 +1 =10 Sum of 0 with a carry of 1
Ex:
Carry Carry
1 & 1
0 1 1
+0 0 1
1 ~o Lo

v Binary Subtraction
The four basic rules for subtracting bits are as follows:
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0-0=0
1-1=0
1-0=1
10-1=1 0 — 1 with a borrow of 1
Ex:
Left column: Middle column:
When a 1 1s borrowed, ,— Borrow 1 from next column
alisleft, so0 —0=0.—,, / to the left, making a 10 in
this column, then 10 — 1 = 1.
o
ol Right column:
—011 1—1=0
010«

The Subtraction using 1°s complement and 2’s complement:
Firstly, find the 1°s complement and 2’s complement The

equation to find 1’s complement is

r—r-N
The equation to find 2°s complement is
=N
Ex:
Number 111 1010
1’s 000 0101
2’s 001 0110

To Subtraction using 1’s complement

1. Take the 1’s for negative number
2. The operation convert from subtract to add
3. If ...carry, move this carry.

...no carry ,take 1°s for final number
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EX:
Regular Approach: 1’s complement:
M-N M-N=M+N
M=01010100 M=01010100

End Around Carry 100001111
T

|00010000| \ b 4
100010000 ]|
Reguler Approach: 1’s complement:
N-M N+M i
N=01000100 Correction Step

= N=01000100 | Required:
ML= QL BLL L O)-» M=10101011+

___________________ - -(1’s complement
- [00010000] NoEnd Carry,  ~ """~ of 11101111) =

TS111017T 11
I-(OOOIOOOO) |

To Subtraction using 2°s complement

1. Take the 2’s for negative number
2. The operation convert from subtract to add
3. If ...carry, ignore this carry.

...no carry ,take 2’s for final number

Ex:

* Find 01000011,- 01010100,

010(\[\[\1 1 0[\1 nnnnt1

00001100 00001100

— 0101- =) 4
— 00000010 11111110 (25 complement

e 00001010 00001010 (neress) |
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Logic gates

The logic gate is the basic building block in digital systems. Logic gates operate with
binary numbers. Gates are therefore referred to as binary logic gates. All voltages used
with logic gates will be either HIGH or LOW. In this lecture, a HIGH voltage will mean a
binary 1. A LOW voltage will mean a binary 0.

e The Inverter Gate:

The inverter (NOT circuit) performs the operation called inversion or complementation.
The inverter changes one logic level to the opposite level. In terms of bits, it changes a
l1toa0OandaO0toal. Standard logic symbols for the inverter are shown

D

Do

Truth Table

Input A Output B
0 1
1 0

e The AND Gate:
The AND gate is one of the basic gates that can be combined to form any logic
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function. An AND gate can have two or more inputs and performs what is known as
logical multiplication. The standard logic symbol

A —
D
B_

Input A Input B Output X
0 0 0
0 1 0
1 0 0
1 1 1

e The OR Gate

The OR gate is another of the basic gates from which all logic functions are
constructed. An OR gate can have two or more inputs and performs what is known as
logical addition.

The standard logic symbols

A
) >
B
Truth Table

For a 2-input OR gate, output X is HIGH when either input A or input B is HIGH,
or when both A and B are HIGH; X is LOW only when both A and B are LOW.

Input A Input B Output X
0 0 0
0 1 1
1 0 1
1 1 1

e The NAND Gate:
The NAND gate is a popular logic element because it can be used as a universal gate;
that is, NAND gates can be used in combination to perform the AND, OR, and inverter
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operations. The term NAND is a contraction of NOT-AND and implies an AND
function with a complemented (inverted) output. The standard logic symbol

+ L —X
B ) B D_I>(
Truth Table

For a 2-input NAND gate, output X is LOW only when inputs A and B are HIGH;
X is HIGH when either A or B is LOW, or when both A and B are LOW.

Input A Input B Output X
0 0 1
0 1 1
1 0 1
1 1 0

e The NOR Gate
The NOR gate, like the NAND gate, is a useful logic element because it can also be
used as a universal gate; that is, NOR gates can be used in combination to perform the
AND, OR, and inverter operations. The term NOR is a contraction of NOT-OR and
implies an OR function with an inverted (complemented) output. The standard logic

symbol
A A
) D = T D
B B

Truth Table

For a 2-input NOR gate, output X is LOW when either input A or input B is HIGH, or
when both A and B are HIGH; X is HIGH only when both A and B are LOW.

Input A Input B Output X
0 0 1
0 1 0
1 0 0
1 1 0
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The Exclusive-OR Gate:

The exclusive-OR gate performs modulo-2 addition. The XOR gate has only two
inputs and the standard symbols for an exclusive-OR (XOR for short) gate

A
p ) O

Truth table:

For an exclusive-OR gate, output X is HIGH when input A is LOW and input B is
HIGH, or when input A is HIGH and input B is LOW; X is LOW when A and B are
both HIGH or both LOW.

Input A Input B Output X
0 0 0
0 1 1
1 0 1
1 1 0

e The Exclusive-NOR Gate
Like the XOR gate, an XNOR has only two inputs. Standard symbols for an exclusive- NOR

(XNOR) gate
A
p ) D+
Truth table:
For an exclusive-NOR gate, output X is LOW when input A is LOW and input B is

HIGH, or when A is HIGH and B is LOW:; X is HIGH when A and B are both HIGH or
both LOW.

Input A Input B Output X
0 0 1
0 1 0
1 0 0
1 1 1

Pulse Waveform Operation
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The operation of each gate is the same for pulse waveform inputs as for constant-level
inputs. The output of a logic circuit at any given time depends on the inputs at that
particular time, so the relationship of the time-varying inputs is of primary importance

EX:
A
X
B
.;= AB + ) = AR + AC
[ Y,
B — —
y X
I's [
C
. —
|I.:| J-I
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The NAND Gate as a Universal Logic Element

The NAND gate is a universal gate because it can be used to produce the NOT, the
AND, the OR, and the NOR functions. An inverter can be made from a NAND gate by
connecting all of the inputs together and creating, in effect, a single input, as shown in
Figure (a) for a 2-input gate. An AND function can be generated by the use of NAND
gates alone, as shown in Figure (b). An OR function can be produced with only NAND
gates, as illustrated in part (c). Finally, a NOR function is produced as shown in part (d).

(a) One NAND gate used as an inverter

A —

. AB = AB

(b) Two NAND gates used as an AND gate

(c) Three NAND gates used as an OR gate

B—4 |

E=A+B

(d) Four NAND gates used as a NOR gate

The NOR Gate as a Universal Logic Element

Like the NAND gate, the NOR gate can be used to produce the NOT, AND, OR, and
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NAND functions. A NOT circuit, or inverter, can be made from a NOR gate by
connecting all of the inputs together to effectively create a single input, as shown in
Figure(a) with a 2-input example. Also, an OR gate can be produced from NOR gates,
as illustrated in Figure (b). An AND gate can be constructed by the use of NOR gates,
as shown in Figure(c). And Figure (d) shows how NOR gates are used to form a NAND
function.

(a) One NOR gate used as an inverter

< 1 35 B 4
B B

(b) Two NOR gates used as an OR gate

A —
al

>

(d) Four NOR gates used as a NAND gate

Boolean Algebra and Logic Simplification

Boolean algebra is the mathematics of digital logic. A basic knowledge of Boolean
algebra is indispensable to the study and analysis of logic circuits



i _
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Laws and Rules of Boolean Algebra

As in other areas of mathematics, there are certain well-developed rules and laws that
must be followed in order to properly apply Boolean algebra
Laws of Boolean Algebra:
The basic laws of Boolean algebra—the commutative laws for addition and
multiplication, the associative laws for addition and multiplication, and the distributive
law—are the same as in ordinary algebra. Each of the laws is illustrated with two or
three variables, but the number of variables is not limited to this.

e Commutative Laws
The commutative law of addition for two variables is written as

A+B=B+A

A B
B A

The commutative law of multiplication for two variables is

AB = BA

A — B —
B — A —

e Associative Laws
The associative law of addition is written as follows for three variables:

A+B+0=@A+B+C

A A
A+(B+0C) A+ B
= B

B+C (A+B)+C
C C




i _
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The associative law of multiplication is written as follows for three variables:

A(BC) = (AB)C

A A —
} A(BC) AB
E [E——
B —
, BC , D— (AB)C
c — C

e Distributive Law
The distributive law is written for three variables as follows:

AB + C) = AB + AC

X=AB+0O X=AB + AC

Rules of Boolean Algebra
Table below lists 12 basic rules that are useful in manipulating and simplifying

Boolean
expressions. Rules 1 through 9 will be viewed in terms of their application to logic

gates.
Rules 10 through 12 will be derived in terms of the simpler rules.



LA+ BA+C =A+ BC

. B, or C can represent a single variable or a combination of variables.

Ex: Using Boolean algebra techniques, simplify this expression:

AB+AB+C)+ BB+
Step 1: Apply the distributive law to the second and third terms in the expression, as

follows:

AB + AB + AC + BB + BC
Apply rule 7 (BB = B) to the fourth term.

AB + AB + AC + B + BC
Apply rule 5 (AB + AB = AB) to the first two terms.

AB + AC + B + BC
Apply rule 10 (B + BC = B) to the last two terms.
AB + AC + B
Apply rule 10 (AB + B = B) to the first and third terms.
B + AC
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A —

—

D@— AB+A(B+C)+B(B+C) B B +AC

T—'T'hu.\'u two circuits are equiv '.i|;‘|1'..4T

DeMorgan’s Theorems

DeMorgan, a mathematician who knew Boole, proposed two theorems that are an
important part of Boolean algebra. In practical terms, DeMorgan’s theorems provide
mathematical verification of the equivalency of the NAND and negative-OR gates and
the equivalency of the NOR and negative-AND gates

e DeMorgan’s first theorem is stated as follows:
The complement of a product of variables is equal to the sum of the complements of the

variables.

XY =X +Y

e DeMorgan’s second theorem is stated as follows:
The complement of a sum of variables is equal to the product of the complements of the

variables.

X+Y=XY
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Inputs Output
XY | X¥ X+¥

A }FE X:D—LF 0
¥ — ¥

0
1
NAND MNegative-OR | 0
1

1 1
1 1
1 1
0 0

v ) p—Fer = "] Y 0 L
¥ ¥ —0a

NOR Negative-AND 1

Ex: Apply DeMorgan’s theorems to each expression:

A+ BC+DEE+F)

Step 1: Identify the terms to which you can apply DeMorgan’s theorems, and think of
each term as a single variable. Let A + BC = Xand D(E + F) = Y.

Step 2: Since X + ¥ = XY,
(A + BC) + (D(E + F)) = (A + BC)D(E + F))

Step 3: Userule9 (_X = A) to cancel the double bars over the left term (this is not part
of DeMorgan’s theorem).

(A + BO)XD(E + F)) = (A + BC)XD(E + F))

Step 4: Apply DeMorgan’s theorem to the second term.
(A + BC)YD(E + F)) = (A + BCYD + (E + F))

Step 5: Use rule 9 (,/T = A) to cancel the double bars over the E + F part of the term.
(A+BC)D +E+F)=(A+BC)D + E+F)

Ex: Simplify the following Boolean expression:

[AB(C + BD) + AB]C
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Step 1:

Step 2:

Step 3:

Step 4:

Step 5:

Step 6:

Step 7:

Step 8:

Step 9:

Apply the distributive law to the terms within the brackets.

(ABC + ABBD + AB)C
Apply rule 8 (BB = 0) to the second term within the parentheses.

(ABC +A-0-D + AB)C
Applyrule 3(A - 0 - D = 0) to the second term within the parentheses.
(ABC + 0 + AB)C
Apply rule 1 (drop the 0) within the parentheses.
(ABC + AB)C

Apply the distributive law.
ABCC + ABC
Apply rule 7 (CC = C) to the first term.

ABC + ABC
Factor out BC.
BC(A + A)
Applyrule 6 (A + A = 1).
BC -1
Apply rule 4 (drop the 1).
BC

Standard Forms of Boolean Expressions

All Boolean expressions, regardless of their form, can be converted into either of two
standard forms: the sum-of-products form or the product-of-sums form
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a term consisting of the product (Boolean multiplication) of literals (variables or their
complements). When two or more product terms are summed by Boolean addition, the
resulting expression is a sum-of-products (SOP). Symbol )

Some examples are

AB + ABC
ABC + CDE + BCD
AB + ABC + AC

Implementation of a SOP Expression

Implementing an SOP expression simply requires ORing the outputs of two or more
AND gates. A product term is produced by an AND operation, and the sum (addition)
of two or more product terms is produced by an OR operation. Therefore, an SOP
expression can be implemented by AND-OR logic in which the outputs of a number
(equal to the number of product terms in the expression) of AND gates connect to the
inputs of an OR gate, as shown in figure below for the expression AB + BCD + AC.
The output X of the OR gate equals the SOP expression.

A
B
B

C

D
A
c

D
D E X=AB + BCD + AC
D

NAND gates can be used to implement an SOP expression. By using only NAND gates,
an AND/OR function can be accomplished, as illustrated in figure below. The first
level of NAND gates feed into a NAND gate that acts as a negative-OR gate. The
NAND and negative-OR inversions cancel and the result is effectively an AND/OR

Circuit.
L)
B
B |
C —Do@— X = AB + BCD + AC
D — <

g
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Converting Product Terms to Standard SOP

Each product term in an SOP expression that does not contain all the variables in the
domain can be expanded to standard form to include all variables in the domain and
their

complements. As stated in the following steps, a nonstandard SOP expression is
converted into standard form using Boolean algebrarule6 (A ~ A = 1)

Step 1: Multiply each nonstandard product term by a term made up of the sum of a
missing variable and its complement. This results in two product terms. As you know,
you can multiply anything by 1 without changing its value.

Step 2: Repeat Step 1 until all resulting product terms contain all variables in the
domain in either complemented or uncomplemented form. In converting a product
term to standard form, the number of product terms is doubled for each missing
variable.

Ex: Convert the following Boolean expression into standard SOP form:
ABC + AB + ABCD




In this case, four standard product terms are the result.
The third term, ABCD, is already in standard form. The complete standard SOP form of the original expression is as follows:

ABC + AB + ABCD = ABCD + ABCD + ABCD + ABCD + ABCD + ABCD + ABCD

Binary Representation of a Standard Product Term

A standard product term is equal to 1 for only one combination of variable values. For

example, the product term ABCD g1whenA=1,B=0,C=1,D=0,as

shown below, and is O for all other combinations of values for the variables.
ABCD=1:0-1-0=1+1-1-1=1

In this case, the product term has a binary value of 1010 (decimal ten).

Remember, a product term is implemented with an AND gate whose output is 1 only if

each of its inputs is 1. Inverters are used to produce the complements of the variables as

required.

An SOP expression is equal to 1 only if one or more of the product terms in the
expression is equal to 1.

Ex: Determine the binary values for which the following standard SOP expression is
equal to 1:

ABCD + ABCD + ABCD
The term ABCD isequalto 1 whenA =1, B=1.C=1l,and D = 1.

e ABCD =1-1-1-1=1
The term ABCD isequalto 1 when A = 1,B=0.C = 0,and D = 1.

ABCD=1-0-0-1=1-1-1-1=1
The term ABCD is equal to 1 when A = 0,B = 0,C = 0,and D = 0.
ABCD=0-0-0-0=1-1-1-1=1

=

The SOP expression equals 1 when any or all of the three product terms is 1.

Converting SOP Expressions to Truth Table Format

SOP expression is equal to 1 only if at least one of the product terms is equal to 1. A
truth table is simply a list of the possible combinations of input variable values and the
corresponding output values (1 or 0). For an expression with a domain of two variables,
there are four different combinations of those variables (2° = 4).

For an expression with a domain of three variables, there are eight different
combinations

of those variables (2° = 8). For an expression with a domain of four variables, there are
sixteen different combinations of those variables (2* = 16), and so on.

The first step in constructing a truth table is to list all possible combinations of binary
values of the variables in the expression. Next, convert the SOP expression to standard
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form if it is not already. Finally, place a 1 in the output column (X) for each binary
value

that makes the standard SOP expression a 1 and place a 0 for all the remaining binary
values.

Ex: Develop a truth table for the standard SOP expression

ABC + ABC + ABC.

Inputs Output

A B C X Product Term
0 0 0 0

0 0 1 1 ABC

0 1 0 0

0 1 1 0

1 0 0 1 ABC

1 0 1 0

1 1 0 0

1 1 1 1 ABC

Term consisting of the sum (Boolean addition) of literals (variables or their
complements). When two or more sum terms are multiplied, the resulting expression is
a product-of-sums (POS). Symbol []

Some examples are

(A+ B)A + B+ Q)
A+B+CO(C+D+E)B+C+ D)
(A+BYA+ B+ OA + O

Implementation of a POS Expression

Implementing a POS expression simply requires ANDing the outputs of two or more
OR gates. A sum term is produced by an OR operation, and the product of two or more
sum terms is produced by an AND operation. Therefore, a POS expression can be
implemented by logic in which the outputs of a number (equal to the number of sum
terms in the expression) of OR gates connect to the inputs of an AND gate.

} X=A+B)B+C+D)A+C)

ojele

y
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Converting a Sum Term to Standard POS

Each sum term in a POS expression that does not contain all the variables in the
domain can be expanded to standard form to include all variables in the domain and
their complements.

As stated in the following steps, anc(4 -+ A = 0)OS expression is converted into
standard form using Boolean algebra rule 8

Step 1: Add to each nonstandard product term a term made up of the product of the
missing variable and its complement. This results in two sum terms. As you know, you
can add 0 to anything without changing its value.

Step 2: Applyrule 12: A+ BC=(A+B)(A+C)

Step 3: Repeat Step 1 until all resulting sum terms contain all variables in the domain in
either complemented or uncomplemented form.

Ex: Convert the following Boolean expression into standard POS form:
A+B+C)YB+C+DYA+B+C+D)

The domain of this POS expression is A, B, C, D. Take one term at a time. The first term, A + B + C, is missing variable
D or D, so add DD and apply rule 12 as follows:

AtB+C=A+B+C+DD=(A+B+C+DJA+B+C+D)
The second term, B + C + D, is missing variable A or A, so add AA and apply rule 12 as follows:
B+C+D=B+C+D+M=A+B+C+DA+B+C+D)
The third term, A + B + C + D), is already in standard form, The standard POS form of the original expression is as follows:
A+B+C@B+C+D@A+B+C+D=
A+B+C+DA+B+C+DA+B+C+DA+B+C+DYA+B+C+D)

Binary Representation of a Standard Sum Term
A standard sum term is equal to O for only one combination of variable values. For
example,
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thesumtermA + B+ ¢ - D isOwhenA=0,B=1,C=0,and D=1, as

shown below, and is 1 for all other combinations of values for the variables.
A+B+C+D=0+1+0+1=0+0+0+0=0

In this case, the sum term has a binary value of 0101 (decimal 5). Remember, a sum

term is implemented with an OR gate whose output is 0 only if each of its inputs is O.

Inverters are used to produce the complements of the variables as required.

A POS expression is equal to 0 only if one or more of the sum terms in the expression is

equal to 0.

Ex: Determine the binary values of the variables for which the following standard POS
expression is equal to O:

(A+B+C+DYA+B+C+D)A+B+C+D)
Theterm A ~+ B + C +~ DisequaltoOwhen A = 0,B=0,C =0,and D = 0.
A+B+C+D=0+0+0+0=0
Theterm A + B+ C + DisequaltoOwhenA = 0,B =1,C = 1,and D = 0.
A+B+C+D=0+1+14+0=0+0+0+0=0
Theterm A + B + C + DisequaltoOwhenA = 1,B=1,C=1l,and D = 1.
A+B+C+D=1+1+1+1=0+0+0+0=0

The POS expression equals 0 when any of the three sum terms equals 0.

Converting POS Expressions to Truth Table Format

Recall that a POS expression is equal to 0 only if at least one of the sum terms is equal
to 0. To construct a truth table from a POS expression, list all the possible
combinations of binary values of the variables just as was done for the SOP expression.
Next, convert the POS expression to standard form if it is not already.

Finally, place a 0 in the output column (X) for each binary value that makes the
expression a 0 and place a 1 for all the remaining binary values.

Ex: Determine the truth table for the following standard POS expression:
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A+B+CA+B+CA+B+C)YA+B+C)YA+ B+ Q)

Inputs Output

A B C X Sum Term
0 0 0 0 A+ B+ C)
0 0 1 1

0 1 0 0 (A+B+ 0O
0 1 1 0 A+B+0
1 0 0 1

1 0 1 0 A+B+ 0O
1 1 0 0 A+B+ 0O
1 1 1 1

The Karnaugh Map

A Karnaugh map provides a systematic method for simplifying Boolean expressions
and, if properly used, will produce the simplest SOP or POS expression possible. A
Karnaugh map is similar to a truth table because it presents all of the possible values of
input variables and the resulting output for each value. Instead of being organized into
columns and rows like a truth table, the Karnaugh map is an array of cells in which each
cell represents a binary value of the input variables. The cells are arranged in a way so
that simplification of a given expression is simply a matter of properly grouping the
cells.

Karnaugh maps can be used for expressions with two, three, four, and five variables,
The number of cells in a Karnaugh map, as well as the number of rows in a truth table,
is equal to the total number of possible input variable combinations. For three variables,
the number of cells is 2° = 8. For four variables, the number of cells is 2* = 16.

The 3-Variable Karnaugh Map
The 3-variable Karnaugh map is an array of eight cells. In this case, A, B, and C are
used for the variables although other letters could be used.
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\ BC )
KON 00 01 11 10
1 2
0 ABC ABC A'BC A'BC
< 6
1 AB’C AB’C ABC ABC’
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The 4-Variable Karnaugh Map
The 4-variable Karnaugh map is an array of sixteen cells. Binary values of A and B are
along the left side and the values of C and D are across the top.

CD CD
ABN. 00 01 11 10 AN 00 01 1110

00 00 |ABCD|ABCD|ABCD|ABCD

01 01 |ABCD|ABCD|ABCD|ABCD

11 11 |ABCD|ABCD|ARCD|ARCD

10 10 |ABCD|ABCD|ABCD|ABCD

Karnaugh Mapping a Standard SOP Expression

For an SOP expression in standard form, a 1 is placed on the Karnaugh map for each
product term in the expression. Each 1 is placed in a cell corresponding to the value of a
product term.

Ex: Map the following standard SOP expression on a Karnaugh map:

ABC + ABC + ABC + ABC

The standard product term in the expression.

ABC + ABC + ABC + ABC
001 010 110 111

BC BC BC

o]
ol

|
|
|
|
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Ex: Map the following standard SOP expression on a Karnaugh map:
ABCD + ABCD + ABCD + ABCD + ABCD + ABCD + ABCD
The standard product term in the expression.

ABCD + ABCD + ABCD + ABCD + ABCD + ABCD + ABCD
0011 0100 1101 1111 1100 0001 1010

w A
AN 00 01/ 11 10
4 _—
00 | 1 ABCD

1 JII.-;I ;I:_.'r :-I .1| |'I II': .I'IJI'
Mapping a Nonstandard SOP Expression
A Boolean expression must first be in standard form before you use a Karnaugh map
Ex: Map the following SOP expression on a Karnaugh map:
A+ AB + ABC
The SOP expression is obviously not in standard form because each product term does

not have three variables. The first term is missing two variables, the second term is
missing one variable, and the third term is standard. First expand the terms numerically

as follows:
A +AB + ABC
000 100 110
001 101
010
011

Map each of the resulting binary values by placing a 1 in the appropriate cell of the
3-variable Karnaugh map
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BC BC BC BC
A 1 1 1 1
A4 1 1 1

Ex: Map the following SOP expression on a Karnaugh map:

BC + AB + ABC + ABCD + ABCD + ABCD
The SOP expression is obviously not in standard form because each product term does
not have four variables. The first and second terms are both missing two variables, the
third term is missing one variable, and the rest of the terms are standard. First expand
the terms by including all combinations of the missing variables numerically as
follows:

BC + AR+ ABC + ABCD + ABCD + ABCD

oooo 1000 1100 1010 0001 1011

0001 1001 1101

1000 1010

1001 1011

Map each of the resulting binary values by placing a 1 in the appropriate cell of the
4-variable Karnaugh map

CD

AB 00 01 11 10

00 I I

01

11 | |
Karnaugh Map Simplificatiolp-6+SQP-Expiressions
The process that results in dn expﬁesslionlcontaihiny the fewest possible terms with the
fewest possible variables is cattedmmmimizatiom—Afteran SOP expression has been
mapped, a minimum SOP expression is obtained by grouping the 1s and determining
the minimum SOP expression from the map. The Karnaugh map according to the
following rules by enclosing those adjacent cells containing 1s. The goal is to
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maximize the size of the groups and to minimize the number of groups.

1. A group must contain either 1, 2, 4, 8, or 16 cells, which are all powers of
two. In the case of a 3-variable map, 2° = 8 cells are the maximum group.
2. Each cell in a group must be adjacent to one or more cells in that same group,
but all cells in the group do not have to be adjacent to each other.
3. Always include the largest possible number of 1s in a group in accordance
with rulel.

4. Each 1 on the map must be included in at least one group. The 1s already in a

group can be included in another group as long as the overlapping groups
include noncommon 1s.

Ex:
c c cD cD
AB 0 I AB 0 1 AR 00 0l 11 10 AB 00 0l 11 10
00| 1 00| 1 1 00| 1 | 00| |
01 01 01 : 01
11 11 1 11 11
10 10 1 10 10
(a) (b) (c) (d)

The groupings are

ABN. 01 ABNG 0 1 AN 0001 1110 AN /00 o1 11 \10

00 Q) 00 G\ 1 /|"_ 00 |f 1 N ol 0 |

1
01 \l/ 01 Fj 1 ]) 01 1 1
a

01

11 1

10 10 |’/1 1 10

OB

(a) (b) (c) (d)

Determining the Minimum SOP Expression from the Map

Ex: Determine the product terms for the Karnaugh map and write the resulting
minimum SOP expression
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CD
AR 00 01

11

10

00

01

1

1
|

1

_]h\l..
D,
IJ'

10 1

\

ACD

The resulting minimum SOP expression is the sum of these product terms:

B + AC + ACD

Ex: Use a Karnaugh map to minimize the following standard SOP expression:

ABC + ABC + ABC + ABC + ABC

The binary values of the expression are

101 + 011 + 001 + 000 + 100

Map the standard SOP expression and group the cells

C
ABN 01
-
ool 1 |f1
U O
+—AC
01 1
\_/
I
Y

10 |/FI

T—L‘
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“Don’t Care” Conditions

Ex: In a 7-segment display, each of the seven segments is activated for various digits.
For example, segment a is activated for the digits 0, 2, 3, 5, 6, 7, 8, and 9. Since each
digit can be represented by a BCD code, derive an SOP expression for segment a using
the variables ABCD and then minimize the expression using a Karnaugh map.

i 1 I

:Segmem i - wER R l'j[

fl b
8

d
The expression for segment a is
a=ABCD + ABCD + ABCD + ABCD + ABCD + ABCD + ABCD + ABCD

01 11 10 - BD

: _BD

X

1

From the Karnaugh map, the minimized expression for segment a is

a=A+C+BD+BD

Mapping a Standard POS Expression
For a POS expression in standard form, a 0 is placed on the Karnaugh map for each
sum term in the expression. Each 0 is placed in a cell corresponding to the value of a
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sum term.

When a POS expression is completely mapped, there will be a number of 0s on the
Karnaugh map equal to the number of sum terms in the standard POS expression. The
cells that do not have a 0 are the cells for which the expression is 1.The following steps
the mapping process:

Step 1: Determine the binary value of each sum term in the standard POS expression.
This is the binary value that makes the term equal to 0.

Step 2: As each sum term is evaluated, place a 0 on the Karnaugh map in the
corresponding cell.

Ex: Map the following standard POS expression on a Karnaugh map:

A+B+C+D@A+B+C+DA+B+C+DYA+B+C+D)A+B+C+D)
Evaluate the expression as shown below and place a 0 on the 4-variable Karnaugh map
for each standard sum term in the expression

A+B+C+DA+B+C+DA+B+C+DYA+B+C+D)YA+B+C+D)

1100 1011 0010 1111 0011
\+B+C+D
b 11
AB 00 01 . 10
¥ _
00 0 deg4—A+B+C+ D
01
1| o = A+B+C+D
i
10 0
i
A+B+C+D A+B+C+D

Karnaugh Map Simplification of POS Expressions

The process for minimizing a POS expression is basically the same as for an SOP
expression except that you group 0s to produce minimum sum terms instead of
grouping 1s to produce minimum product terms. The rules for grouping the Os are the
same as those for grouping the 1s.

Ex: Use a Karnaugh map to minimize the following standard POS expression, and Also,
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derive the equivalent SOP expression.
A+B+COA+B+COA+B+CA+B+COMA+B+ 0

The combinations of binary values of the expression are

O+0+0)0+0+DHO+T+0)0O+1T+1)1+1+0)
Map the standard POS expression and group the cells

C
AB 0 1
00ffo | o r
e |
or {fo}y] o
BacC. e vy

L ac
[l q
o1 (L1 i

v
B

A
Notice how the 0 in the 110 cell is included into a 2-cell group by utilizing the 0 in
the 4-cell group. The sum term for each blue group is shown in the figure and the
resulting minimum PQOS expression is

AB + O)

Grouping the 1s as shown by the gray areas yields an SOP expression that is
equivalent to grouping the Os.

AC + AB = AB + O)
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Mapping Directly from a Truth Table

X = ABC + ABC + ABC + ABC

Inputs | Output AR 0 I
ABC X 00 /;\I
W
00O 1
001 0 01
010 0
01 1 0 a 1) Q)
100 1 N A
101 0 o)
110 1 _/
1 11 1
Inputs Output
ABCD Y
0000 0
0001 0
0010 0
0011 0
0100 0 CD
0101 0 AB 00 01 11 10
0110 0
0111 | 00
1 000 1 — —
1 001 1 01 1 .‘1!‘;‘(){:
1010 X — BCL
1011 X _ x| x & x
1100 X Don't cares ‘
1 1 01 X 10 tl 1 X X
1110 X - X 2
1111 X = '
{B( A
{a) Truth table (b) Without “don’t cares” ¥ = ABC + ABCD

With “don’t cares” ¥ = A + BCD
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